PHYSICAL REVIEW RESEARCH 8, 013146 (2026)

Symmetry breaking in two dimensions on ultrafast timescales
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The melting of two-dimensional monocrystals is described within the celebrated Kosterlitz-Thouless-
Halperin-Nelson-Young scenario by the dissociation of topological defects. It describes the screening of elasticity
due to thermally activated topological defects until shear elasticity disappears. As a well-defined continuous
phase transition, freezing and melting should be reversible and independent of history. However, this is not the
case: Cooling an isotropic two-dimensional fluid at a finite but nonzero rate does not result in monocrystals.
The symmetry cannot be broken globally but only locally within Einstein’s event horizon: The slowing down of
critical fluctuations forces the system to fall out of equilibrium, resulting in finite-sized domains with a uniform
order parameter. For linear cooling rates, the domain size is described by the Kibble-Zurek mechanism, originally
developed for defect formation in the primordial Higgs field shortly after the Big Bang. The size of the domains
is a function of the so-called fallout time, the time when the ensemble becomes nonergodic. In the present
manuscript, we go beyond the Kibble-Zurek picture and investigate the limit of the deepest quench on a colloidal
monolayer. We resolve the time dependence of structure formation for (local) symmetry breaking when the
fallout time is effectively set to zero. However, when quenching instantaneously to various temperatures below
the melting point—either deep in the crystalline phase or close to the transition—we find universal behavior if

the timescale is rescaled properly.
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I. INTRODUCTION

The glass transition temperature depends on the cooling
rate and shows memory effects; thus, it does not mediate
between well-defined thermodynamic states in the classical
sense [1-4]. This is different for phase transitions where
melting and freezing are assumed to be reversible. However,
this is only partly true for discontinuous (first-order) phase
transitions, where a nucleation barrier has to be overcome.
For careful cooling/heating and very clean ensembles (free
of seeds leading to heterogeneous nucleation), the systems
can be supercooled or overheated, indicating some hysteresis
in transition temperatures. The maximal width of the hys-
teretic region ranges up to the spinodal, where the slope of,
e.g., the van der Waals curve becomes negative and phase
separation must set in [5]. Note that it is a priori not clear
whether an ensemble, which in equilibrium shows continuous
behavior, may experience a nucleation barrier during trans-
formation when being out of equilibrium: The nondegenerate
minimum (true vacuum state) of the Mexican-hat free-energy
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potential in the high-symmetry phase and the degenerate
minima of the symmetry-broken phase—and especially the
smooth transition from one to the other—are only well defined
in equilibrium.

For continuous (second-order) phase transitions in equilib-
rium, nucleation barriers do not exist, ruling out any hysteresis
of the transition. At the transition temperature, the free-
energy densities of the high- and low-temperature phases are
identical, eliminating any driving force for phase separation.
Consequently, there is a priori no reason to expect freezing
and melting not to be completely reversible. However, critical
fluctuations of the order parameter dictate the behavior of
the ensemble, and timescales become important. A famous
example is the Ising model in two dimensions (2D) [6], which
is, besides the 2D XY model and the 2D particle system de-
scribed in Kosterlitz-Thouless-Halperin-Nelson- Young theory
[7-11], one of the rare examples with an analytic solution of
the transition temperature 7.. Above T, magnetic moments
randomly point upward and downward; the ensemble is ho-
mogeneous and isotropic. Below T, the magnetic moments
organize to align parallel, and a macroscopic magnetization
builds up. This magnetization can be taken as an order param-
eter, and the symmetry of the ensemble is broken. Whether
the magnetization points upward or downward is a matter
of chance—part of the story why this phenomenon is called
spontaneous symmetry breaking. Typically, it is assumed
that by crossing 7, from the high-temperature to the low-
temperature phase, the symmetry switches globally. However,
taking timescales into account, this cannot be the truth in
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the thermodynamic limit: In infinitely large ensembles, only
regions that are connected by causality can have the same
order parameter after symmetry breaking. Regions that are
separated by a distance larger than the speed of light times
the time after crossing T, (defining an event horizon) cannot
necessarily acquire the same order parameter. The symmetry
is broken only locally, and the order parameter can be uniform
only within the event horizon: Melting and freezing are not
reciprocal in the thermodynamic limit.

This idea was first discussed by Tom Kibble [12—-14] for
symmetry breaking of the very first field shortly after the
Big Bang. This two-component scalar field is nowadays often
named the inflaton. Topological defects like grain boundaries,
strings, and monopoles should be incorporated as leftovers
of the high-symmetry field in the symmetry-broken stage.
Zel’dovich, for example, calculated optical properties of grain
boundaries within the Higgs field for detecting their traces
within the electromagnetic background radiation in the Uni-
verse [15]. Up to now, such defects have never been observed,
which is one of the reasons (besides the flatness of space-
time of the Universe and the overall very isotropic cosmic
microwave background) for postulating inflationary Big Bang
models: During the exponentially fast growth of the very
early Universe, all defects have been pushed beyond the event
horizon.

Wojciech Zurek [16-18] applied similar ideas to another
two-component, but complex, field, namely, the macroscopic
wave function of superfluid helium. In this three-dimensional
(3D) system with a two-component (2N) order parameter,
the most natural topological defects are strings, given by the
vortices of the wave function with a normal-fluid core. In
condensed matter, the maximal signal velocity is not the speed
of light but is given by the speed of sound (or second sound in
the case of superfluid helium). However, a more detailed pic-
ture of defect formation is as follows: Any continuous phase
transition is dominated by critical fluctuations. Approaching
T, from above, ordered (but fluctuating in time) domains get
larger and larger, and order-parameter correlation functions
diverge algebraically, free of any typical length scale. Since
the critical exponent above and below 7. is the same, the di-
vergence is symmetric. It follows that the structure of ordered
domains above T, appears mirrored to disordered regions be-
low T, like a negative image. Exactly at T, the correlation
length is infinite, and the structure is self-similar on all scales,
showing a fractal pattern. Both ordered and disordered regions
cover 50% of the volume. Since the energy difference between
both phases is zero at 7. (and very small in the vicinity), the
pattern is not static but fluctuates. The larger the domains, the
slower they appear and disappear. Not only do length scales
diverge, but also time scales: The temporal order-parameter
correlation function diverges algebraically as well. This be-
havior in the vicinity of 7, is called critical slowing down.

For any nonzero (most easily linear) cooling rate, one can
compare the critical slowing down with the time to reach the
transition. Far away from the transition, correlation times are
short, and order-parameter fluctuations can follow the cooling.
The system is quasiadiabatic. If the correlation time becomes
larger than the time to reach the transition, fluctuations can
no longer follow, and a fingerprint of the longest length scale
is taken. This well-defined fallout time defines the largest
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FIG. 1. Bond order correlation function before the quench (blue)
at an initial I', = 16 and after to a final coupling strength of I'r =
74 for various waiting times. Dotted lines are exponential fits to the
curves, which appear as straight lines in the lin-log plot.

size of the symmetry-broken domains (SBDs) for the given
cooling rate. Why the scenario of Kibble and Zurek yields the
same result was recently calculated by F. Suzuki and W. Zurek
explicitly for the Ginzburg-Landau model [19]:

£ = é‘o(r—Q) M)
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with & being the domain size, v and z critical expo-
nents, and 1y the quench time. Many systems have been
investigated to test the Kibble-Zurek mechanism, e.g., in
liquid crystals [20], superfluid 3He [21], superconducting
systems [22], convective, intrinsically out-of-equilibrium sys-
tems [23], multiferroics [24], quantum systems [25], ion
crystals [26,27], and Bose-Einstein condensates [28] (the lat-
ter two systems contain the effect of inhomogeneities due to,
e.g., temperature gradients). A detailed review concerning the
significance and limitations of these experiments can be found
in Refs. [14,29]. Recent work includes quantum systems also
in two dimensions [30-32], and universal behavior as well as
limitations of the Kibble-Zurek scaling is discussed in Refs.
[33,34]. For the 2D and 3D Ising models, zero-temperature
quenches are reported in Refs. [35,36], including the growth
exponents. In classical two-dimensional ensembles and for
linear cooling rates, the Kibble-Zurek scaling was proven to
be valid also for the Kosterlitz-Thouless universality [37].
Here, we go beyond the Kibble-Zurek picture and cool
the ensemble on timescales where 7 is effectively zero. The
monolayer has a two-component order parameter (2N) given
by the director field of nearest neighbors. This property is
shared by the Higgs field and superfluid helium, apart from the
fact that the latter is a complex quantity. Since the ensemble
is two dimensional and consists of micrometer-sized parti-
cles, defects and domains can be monitored in situ by video
microscopy, unlike in three-dimensional ensembles, where
typically only the surface of the bulk can be monitored.
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The experiment in detail is described in Ref. [38], and
it was successful in validating 2D melting theory [39-41].
Here, only a brief description is given: In a droplet of a sus-
pension composed of superparamagnetic polystyrene spheres
[42], particles are dispersed in a water droplet, which is sus-
pended by surface tension in a top-sealed cylindrical hole
(@ = 6mm) of a glass plate. The particles are 4.5 um in
diameter and have a mass density of 1.5g/cm?, leading to
sedimentation. The large density is due to the fact that the
polystyrene beads are doped with iron oxide nanoparticles,
which further cause the superparamagnetic behavior. After
sedimentation, particles are arranged in a monolayer at the
water-air interface of the droplet. The interface is kept planar
(less than 250 nm height difference from the center to the
border) by active regulation based on several control loops us-
ing digital image analysis. It is kept horizontal, with changes
in inclination of less than 1 mrad, by an inclination sensor
driving a tripod on which the whole setup is mounted. In this
way, the ensemble forms an ideal two-dimensional system,
without any pinning of particles to the substrate. The particles
themselves are small enough to perform 2D Brownian motion
but large enough to be monitored by video microscopy. The
positions of the particles are analyzed using the software
package of Crocker and Grier [43]. The field of view of the
video camera is 1160 x 865 um? in size and contains about
9000 colloids, while the whole monolayer contains approx-
imately 300 000 particles. An external magnetic field H,
perpendicular to the water-air interface, induces a magnetic
moment in each bead (parallel to the applied field), leading to
repulsive dipole-dipole interactions between all particles. We
use the dimensionless control parameter I" to characterize this
interaction strength. I" is given by the ratio of dipolar magnetic
energy to thermal energy:

r_ Mo GH Y (wp)?

= 7! 2
4 * 2
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and thus can be regarded as a dimensionless inverse system
temperature or a dimensionless in-plane pressure. The state of
the system in thermal equilibrium—Iiquid, hexatic, or solid—
is solely defined by the strength of the magnetic field H, since
the laboratory temperature 7, the two-dimensional particle
density p, and the magnetic susceptibility per bead y are kept
constant experimentally.

In these units, the transition (crystalline-hexatic) is at I';,, =
70 £ 0.5 and the transition from hexatic to isotropic at about
I'; = 68 & 0.5 [44]. Since the system temperature is given by
an outer field, enormously high cooling rates are accessible
compared to atomic systems. Based on a well-equilibrated
liquid system with an initial interaction strength at I'y, ~ 16,
deep in the fluid phase, we initiate a temperature jump with
cooling rates up to dT"/dt ~ 10* s~! into the crystalline re-
gion of the phase diagram I'y > 70. This temperature quench
triggers solidification within the whole monolayer. The cool-
ing timescale is 10° times faster compared to the fastest
intrinsic time, given, e.g., by the Brownian time 73 = 505,
which is the time a particle needs to diffuse the distance of its
own diameter. In atomic systems, this timescale is much faster
(Brownian time in water is ~107!! s); thus, comparable rates
are rarely accessible.
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FIG. 2. & is presented in a log-log plot for different quench
depths. Shortly after the quench, the growing behavior is exponential
and switches to algebraic later. The quench depth increases from
bottom to top and the crossover time decreases for deeper quenches.
The crossover from exponential to algebraic takes place when about
37% particles belong to symmetry-broken domains (see discussion
below). The vertical dashed lines are the times, where the number of
domains have their maximum, indicated with arrows in Fig. 4. For
the quench I'r = 110, the red arrow shows the time that the system
is in the state shown in Fig. 3.

A further enormous advantage of the two-dimensional en-
semble is that there is no heat flux through the bulk, and
especially through the surface of the material, as is usu-
ally the case in 3D condensed matter systems. At extreme
cooling rates, this would easily lead to temperature or pres-
sure gradients, causing an inhomogeneous background during
symmetry breaking. This is ruled out in our experiment. To
increase statistics, each temperature quench is repeated at least
10 times to the same designated final value of the control
parameter I'r, with sufficient equilibration times in between.

II. RESULTS

A. Orientational correlations

Ordering in 2D is best measured with the sixfold bond
order correlation function gg(r), since the close-packed crystal
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structure in 2D is always hexagonal, at least for isotropic
interactions of the particles:

26(r) = (Y GOV G = (v EY*O)).  (3)

go(r) is based on the local director field given by the near-
est neighbors. For a particle numbered with /, it reads vy =

1/N; Ziv’: ] ¢'%% _ Here, N; counts the nearest neighbors that
define the bond directions 6;; with respect to a fixed but
arbitrary axis. Figure 1 shows the bond order correlation
function ge(r, t) for various times: The lowest (blue) curve
is before the quench, and the other four curves are after
the quench. To characterize the decay, we plot the data in a
semilogarithmic plot: For all times, it decays exponentially,
and no signature of algebraic decay is detectable as observed
in equilibrium measurements. Thus, the orientational order is
always short range, and no quasi-long-range order appears,
ruling out signatures of a hexatic phase, which are prominent
in 2D melting in equilibrium [39].

From the exponential decay g¢(r,t) ~ exp(—r/&s(t)) of
the bond order correlation length (Fig. 1), one can extract
the orientational correlation length &4(7) as a function of time
for different quench rates. As shown in Fig. 2, the corre-
lation length always grows monotonically after the quench.
This is true for low quenches (I'r = 72 and 74), intermediate
quenches (I'r = 80 and 110), and deep quenches (I'r = 166).
In the Supplemental Material [45], we show that two other
length scales (1) extracted from the standard pair correlation
function and (2) the length given by the inverse defect density
give qualitatively identical results. The black squares are the
correlation length as a function of time, averaged over about
ten quenches from I', = 16 for each final interaction strength
I'r, and the error bar represents the standard deviation of the
mean. In the early stage, we observe a nonalgebraic growth
of the domain size (red curves), followed by an algebraic
one (green curves) for all quenches. The nonalgebraic time
window is best fitted with an exponential increase of the bond
order correlation length, as checked by the goodness-of-fit
statistic.

B. Determining symmetry-broken domains

Measuring crystallinity on a local scale in 2D is not
trivial: Mermin-Wagner-Hohenberg fluctuations [46—48] pre-
clude perfect long-range translational order, and hence it rules
out the use of positional order. Furthermore, orientational
order has always to be compared with the local neighborhood.
An elaborate discussion of how to define symmetry-broken
domains in 2D can be found in Ref. [49]. We define a particle
to be part of a symmetry-broken domain if the following three
conditions are fulfilled for the particle itself and at least one
nearest neighbor:

(1) The magnitude of the local bond order field me, must
exceed 0.6 for both neighboring particles.

(2) The bond length deviation A|ly;| of neighboring parti-
cles k and [ is less than 10% of the average particle distance
la.

(3) The variation in bond orientation A® = [y, — 1| of
neighboring particles k and / must be less than 2.3° in real
space (less than 14° in sixfold space).

t=64.6s

FIG. 3. The symmetry-broken domains are presented 64 s after
a quench from I', = 16 to a final coupling strength of I'r = 110.
Small dots are fluidlike particles, whereas big ones are crystal-like.
Different colors indicate individual grains, which are labeled in time.

Simply connected clusters of particles that fulfill all three
criteria are merged into a local symmetry-broken domain.
Figure 3 shows a snapshot of the ensemble with local do-
mains marked in different colors, while particles still in a
high-symmetry configuration are plotted as small gray dots.
The parameters are optimized to be (1) soft enough to
identify monocrystals in equilibrium with Mermin-Wagner-
Hohenberg fluctuations on top and (2) sharp enough to
discriminate individual domains in space and time. From this
data, one can analyze the number and the size of the domains
for each time step. Individual domains fluctuate strongly, and
many of them dissolve again in the early period after the
quench. At later times, when only grain boundaries are left as
the high-symmetry phase, the domains appear stable besides
grain boundary fluctuations. In the following, we analyze the
number and size of domains that are completely within the
field of view as a function of time after the quench.

C. Number and size of domains

Figure 4 (left) shows the average number of local domains
as a function of time up to 300s after the quench, and the
inset shows the mean size. As expected, the mean size of
the nuclei grows monotonically for all quench depths. The
average number of domains (Fig. 4, left) first increases, but
finally decreases in time, since they become larger but fewer.
The maximum shifts to shorter times as a function of quench
depth—deeper supercooling drives the system faster to the
solid but polycrystalline state. Note that domain growth starts
immediately after the quench, such that no lag time known
from classical nucleation theory is detectable [5,50]. Figure 4
(right) shows the same data but plotted as a function of crys-
tallinity X instead of time. Here, we define crystallinity X
as the fraction of particles belonging to a symmetry-broken
domain with respect to all particles. Interestingly, all curves
almost superimpose and show universal behavior as a function
of crystallinity. Surprisingly, the position and height of the
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FIG. 4. The left image shows the number of symmetry-broken domains and the average size of the domains (inset) as a function of time for
different quench depths. The error bars are averages of about ten independent quenches with about 9000 particles in the field of view. Whereas
the average size of the symmetry-broken domains grows monotonically as expected, the number of symmetry-broken domains first increases
to a maximum but then decreases in favor of fewer but larger domains. The arrows are a guide to the eye to identify the maximums extracted
by fitting a Gaussian distribution around the numeric maxima of the experimental data. The right image shows the same data but plotted as the
fraction of symmetry-broken area, which is implicitly a function of time. The curves almost superimpose as a function of crystallinity and are
independent of the quench depth. The arrows are pointing to the maximum of each curve, which is about X ~ 37%.

average number of symmetry-broken domains (in the context
of nucleation, this is called the mosaicity) are independent of
the quench depth. The maximum in Nggp appears when a frac-
tion of 0.37 & 0.02 of particles belong to symmetry-broken
domains. The maxima are indicated as arrows in Fig. 4. It
is exactly the time we took as the crossover time separating
exponential from algebraic growth in Fig. 2, indicated by the
dashed vertical line. Notably, 0.37 & 0.02, being numerically
so close to the percolation threshold n} ~ 0.359 of the 2D
Lorentz model [51,52], motivates interpreting the crossover
as a percolationlike phenomenon.

For different quench depths, we propose the following sce-
nario: After a quench, local symmetry-broken domains start to
grow exponentially until about 37% of the space is covered. In
this time window, the ensemble is dominated by critical-like
fluctuations, and most of the domains disappear again [53].
In our 2D system, the fraction of 37% crystallinity marks a
threshold where domains with different orientations start to
touch. From this point on, critical-like fluctuations become
suppressed, and the following dynamics is dominated by the
transformation of the high-symmetry phase in the residual in-
terstices of the symmetry-broken phase. This period is marked
by an algebraic increase in the bond order correlation length.

III. CONCLUSION

The paradigmatic melting theory in 2D, the Kosterlitz-
Thouless-Halperin-Nelson-Young theory, starts with a highly
idealized monocrystal, free of dislocations, disclinations, va-
cancies, interstitials, or grain boundaries. Recursion relations
for elasticity, shielded by virtual dislocations, can be solved
by renormalization group theory until shear elasticity disap-
pears under heating, entering a fluid phase. However, this
monocrystal can never be obtained by cooling, at least in the
thermodynamic limit. The framework is given by Tom Kibble
and Wojciech Zurek, who argued with causality and critical

slowing down, respectively. Out of equilibrium and for any
nonzero cooling rate, the ensemble will become polycrys-
talline with a domain size given by the cooling rate. In the
thermodynamic limit, freezing and melting are not reversible,
taking timescales into account.

Here, we use a monolayer of superparamagnetic colloids,
which can be cooled free of gradients on unprecedentedly
fast timescales compared to any intrinsic dynamics of the
ensemble. We find universal behavior of the domain size and
number of domains, independent of how deep we quench into
the crystalline phase. This shows up most easily when the
timescale is normalized by crystallinity X, the area fraction
of symmetry-broken domains. This is in stark contrast to
ensembles with underlying first-order transitions, where the
mosaicity depends on the degree of supercooling affer the
quench, when the system is jumped between the binodal and
the spinodal; forming a critical nucleus and overcoming the
energy barrier is a rare event [5,50]. For weak supercooling,
the barrier is less frequently overcome compared to deep su-
percooling. Therefore, a nucleus has more time to grow until
it touches the surface of a neighboring grain. For deep super-
cooling, grains are less dilute in space and time, and grains
have less time to grow before they touch: One finds more and
smaller grains when the system is completely transformed.
In both cases, there is no memory of the fluid phase before
cooling—In standard classical nucleation theory, the isotropic
fluid is supposed to be structureless.

For second-order phase transitions and linear cooling rates,
the domain size is determined by the correlation length at the
fallout time. In Fig. 4 of Ref. [37], we plotted defect den-
sity and domain sizes also for the equilibrium system (black
data points), down to I' = 30: The onset of critical behavior
is detected surprisingly far away from T; thus, the fluid is
not completely structureless. For instantaneous quenches, this
tiny onset of structure is the starting point for further evo-
lution, causing the ensemble to have a memory of where it
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started. We propose that mosaicity depends on the temperature
before the quench, and by quenching, one picks out the onset
of criticality surprisingly far away from the transition.

Taking the time-dependent bond order correlation length,
we can identify two regimes: first an exponential growth, fol-
lowed by an algebraic one. For the Lambda transition of He?,
Zurek proposed an algebraic decrease of the inverse defect
density after the quench [17]. For the XY model, a power-law
increase of the correlation length with a small logarithmic
correction is predicted due to defect annihilation [54], and
in dusty plasma, a two-step process, but from algebraic to
algebraic, was found experimentally [55]. We do not have a
universal theory for the initial exponential growth in the col-
loidal ensemble—differences compared to dusty plasma may
depend on specific properties like overdamped versus ballistic
ensembles—but we focus on the two-step behavior. In our 2D
particle ensemble, the crossover is at about 37% transformed
area (= crystallinity). This coincides with the time when
the number of domains starts to decrease. The microscopic
picture we have in mind is as follows: In the first regime,
symmetry-broken domains appear but are still strongly af-
fected by critical-like fluctuations: Most of them disappear
again. At about 37% crystallinity, symmetry-broken domains
start to touch, and critical-like fluctuations are damped. This
is reasonable, since the crossover agrees within the error bars

with the percolation threshold in 2D. In the second regime,
critical-like fluctuations play a less dominant role, fewer do-
mains dissolve, larger ones grow more dominantly, and the
total number of domains decreases.
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DATA AVAILABILITY

The raw data consist of positional data in 2D recorded in a
binary format of idl (Integrated Data Language) based on the
software package of Crocker and Grier [43] for digital image
analysis. We converted one exemplary dataset to ASCII and
uploaded it to the public repository [56]. The data that support
the findings of this article are not publicly available. The data
are available from the authors upon reasonable request.
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